Recursive Filters for Optical Flow

David J. Fleet, Keith Langley

Abstract—Working toward efficient (real—time) implementations of
optical flow methods, we have applied simple recursive filters to achieve
temporal smoothing and differentiation of image intensity, and to com-
pute 2d flow from component velocity constraints using spatiotemporal
least—squares minimization. Accuracy in simulation is similar to that ob-
tained in the study by Barron et al. [3],while requiring much less storage,
less computation, and shorter delays.

I. INTRODUCTION

Many methods exist for computing optic flow, but few currently
run at frame rates on available hardware. This paper discusses the de-
velopment of efficient implementations of differential and phase—
based methods. We concentrate on these because of their simplicity,
and because of their performance compared to other methods {3].

One problem with these methods is their temporal filtering and
differentiation, which involve large amounts of storage and computa-
tion, and a temporal delay. Low—pass prefilters are required by dif-
ferential techniques for reliable numerical differentiation, while
band-pass filters are an essential component of energy-based and
phase-based approaches [1], {2], [8), [11], [12].

This paper examines a class of temporal filters that are applied re-
cursively for low—pass filtering and differentiation, with small storage
requirements and short delays. These low—pass filters are also readily
generalized to band-pass filters, and are therefore applicable to
phase—based methods [18]. We also examine a simple form of recur-
sion in solving for optical flow from normal velocity constraints.

II. LocAL GRADIENT-BASED METHOD

Gradient-based methods compute velocity from first-order de-
rivatives of image intensity, or from filtered versions of the image,
using the motion constraint equation

VIxH-vxD)+1,(x)=0, 0Y)
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where VI(x,7) = (I(x,1), I,(x,1) T denotes the spatial gradient of I(x,1),
I(x,) denotes the partial temporal derivative of I(x,t), and
VI(x,f) - v(x,1) denotes the usual dot product.l The space—time ‘gradi-
ent effectively measures the instantaneous velocity of level intensity
contours, which can be derived from a conservation assumption
(i.e. dI(x,0)/dt = 0). This measures the speed s(x,?) in the direction of
the image gradient n(x,?), given by

~1,(x,1)
[Viex.0|”

Vi(x,t)

sxf) = ViG]

n(x,?)

@

But (1) represents only one constraint on the two unknowns in
v(x,7), and therefore further constraints are necessary to solve for
both. Three possibilities are well-known: (i) to use higher—order de-
rivatives with additional conservation assumptions (e.g. [10], [24]);
(i) to impose global smoothness constraints (regularization) on the
velocity field (e.g. [13), [20]); and (iif) to impose a parametric model
(e.g. constant or linear variation) on the velocity field locally (e.g.
(1], (41, [91, [17}, [21], [22]).

The latter approach is adopted here, based on its performance in
[3]: we compute velocity using a weighted least-squares fit of local
first—order constraints (1) to a constant model for v(x,) in each small
spatiotemporal neighborhood by minimizing

Zw(x, t)[VI(x,t).v+I,(x,t)]2 . A3)

(x,1)EN

w(x,f) is a window that gives more influence to constraints near the
center of the neighborhood. The constant model for v, and the sup-
port w(x, 1), reflect assumptions of spatial and temporal coherence (or
smoothness) in the local behavior of v (e.g. [5], [22], [23)).

The minimization in (3) leads to a linear system W Av = W b, the
solution of which is given by

v=[ATWAI'A" WD, 4)
where, for n points (x;, ;) € Q,

A= [VIXy, 1), ooy VIO, )],
W = diag[w(xy, 1)), ..., W(Xa, 1,)],
b = ~(L(Xg, 1)y woos 1K 1)) -

When (AT W A)™! exists we can solve for v, which is easy because
AT W A is a 2 by 2 matrix:

2
arwa=| 2V ZWLLL |ty = Zwl,d, ©)
w1 Ewl} | Zwl 1,

where sums are taken over points in the neighborhood Q.

Finally, treating [ATWA]™! as the covariance matrix for v, unreli-
able estimates may be identified using its inverse eigenvalues (e.g.
[171, [23]). That is, accuracy tends to improve with an increase in the
eigenvalues of AT WA, A and Ay, which reflect the magnitudes and
the range of orientations of the spatial gradients. Possible confidence

1 These methods assume I(X,f) is differentiable, and hence aliasing should
be avoided. If aliasing cannot be avoided, then one could apply the method in
a coarse-fine manner where estimates are first produced at coarse scales
where aliasing is less severe (where speeds are less than 1 pixel/frame). But
this is not addressed here in detail.

measures include the trace of ATWA [22], or the magnitude of its
smallest eigenvalue A, [3]. Such measures are important to the suc-
cess of this technique.

As an example of the method, an implementation in [3] used FIR
spatiotemporal filtering with Gaussian support and a standard devia-
tion of 1.5 pixels—frames, followed by 4—pt central differences for
numerical differentiation. Temporal support for the entire process
was 15 frames, and therefore a delay of 7 frames was necessary. The
minimization in (3) involved a purely spatial domain  at each frame
to avoid further delays and computational expense.

III. CAUSAL RECURSIVE TEMPORAL FILTERS

We now examine the use of recursive filters to reduce computa-
tion and storage requirements. First, let the smoothing filter be sepa-
rable in space-time, so that the response can be computed as
R(x,t) = E(t) * [B(x) * I(x,)], and we may examine its spatial and
temporal components independently. The temporal filters we con-
sider are derived from the truncated exponential [6] [7],

£ = H - Texp[-7t], t20 6
)= H(t) te™ = 0, 1<0 (6)

where H(f) is a Heaviside step function. E(f) in (6) is a low—pass
causal filter where 7~', the time constant, determines the duration of
temporal support. Its Fourier transform is

Ew) = T, , Q)]
T+i0

where i? = —1. Its amplitude and phase spectra are

) T
E(0) = ——,
1/12 +o?

The amplitude spectrum is Jow—pass, symmetric, and broad (decaying
like 1/e at high frequencies). The phase spectrum is nearly linear, es-
pecially at the low frequencies; linear phase (a distortionless filter) is
difficult to achieve with IIR causal filters.

One concern with E(f) is the slow decay of its amplitude spectrum,
making it susceptible to noise and temporal aliasing. To alleviate this
we may cascade E(r) repeatedly to achieve some useful properties.
For example, following [6], it can be shown that repeated convolu-
tion of E(r) is equivalent to convolution with a single kernel that has
a particularly simple form:

arg[E(@)]=tan"" (%) L ®

ety

En(f) = [E()]*" = Y

E(t). ®

From the central limit theorem it also follows that this cascade tends
to a Gaussian [6]. The mode (peak) of the impulse response E. (1) is
easily shown to be (n—1)/1. The corresponding mean (center of mass)
and standard deviation are given by n/t and Jn /. When using (9)
it is therefore important to note that with increasing numbers of cas-
cades there is an implicit time delay in response, which we take to be
between the mean and the mode. As the number of cascades in-
creases, the filter becomes more low—pass, and its phase spectrum
remains nearly linear. The amplitude and phase spectra of E,(¢) are
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arg[En (a))] =ntan”" (2)
T

A _ "
|En<w>|———m :

The amplitude spectra decays to half height, i.e. E (@) = 0.5,

when 0 =722 1.

IV. TEMPORAL DIFFERENTIATION

The gradient-based method involves low—pass smoothing fol-
lowed by differentiation. As discussed above, assuming separability
of the filters, we can treat the temporal and spatial components of the
filter separately, in which case

IR, (x,1) _ dE, (1)

P " *[B(x)*I(x,1)] ,

10)

where R,(x,1) = E,()*[B(x)*I(x,1)]. However, it is expensive to apply
a different filter for differentiation, either in cascade or in parallel
with the low pass filter.

Interestingly the temporal derivative can be computed using the
same exponential filters discussed above. In particular, the temporal
derivative of E,(¢) has the form

dE, (1)

=8WE, () + TE. () - TE, (),
dt

an

which uses the fact that the derivative of H(#) is a Dirac delta func-

tion. Moreover, if we assume that n > 2, for which
E,(0) = 0, then the derivative becomes

dE, (1)

——— =1[E,;()-E, (D], forn2>2. (12)

That is, the derivative is a weighted difference of E,_,(f) and E,(f). If
the low-pass response is computed as a cascade of
E,.1(t) and E(¢) then all the information necessary to compute the
derivative is already available in the computation of the low—pass
filter.

V. DIGITAL FILTER DESIGN

To realize discrete IIR implementations of (9) and (12), we use a
bilinear transformation to map the Laplace transform (the s—domain)
of the continuous filter onto the z—domain [14]: i.e.,

H(z)=H, (5| Fg(]_-i) 13)

T\14,7!
The impulse invariant transformation is simpler [14], but it is sus-
ceptible to aliasing problems, which distorts the differentiation when
computed according to (12).

The Laplace transform of the truncated exponential (6) is
L[E®)] =t/ (s+1). Using the fact that convolution in time is equiva-
lent to multiplication in the s—domain, the Laplace transform of E,(z)

is easily shown to be
n
T
L[E®)= [——] . (14)
s+7T

63

Rewriting the low-pass filter (14) as a cascade of an
(n—l)"‘—order filter and a first—order filter (used for (12)), we apply
the bilinear transformation to obtain the z—transform

z YU 1
H,(z)= (——J ( j a15)
s+7 s+7T _
£5)
14z
For example, Hy(z) is given by
14277 4272 Y 1+27"
Hy (=g 0, 2.2 -
1+2rz +r°z 1+rz
where g =T/ (1+2) and r = (1-2) / (1+2).
(0} W) N ~ R® R0
)
O]
-1
T
0
dR (0fdt

Fig. 1. This direct—form-II structure shows the delays, adders and multipliers
used to implement the cascaded low—pass filter E3(¢) and differential filter
dE;(t)/ds.

Discretizations then follow from the z-transform, using a direct—
form-II structure [14]. Fig. 1 shows a cascaded implementation of
the low—pass filter and the differentiator when n = 3. The difference
equations (with ¢ now a discrete variable) for the first stage of the
cascade are

w(t) = I(t) = 2r w(t=1) — P w(1-2)

Ry(0) = ¢ w(®) + 28" w(t-1) + @ w(2-2) (16)
while the second stage is given by
y(®) = Ro(f) — ry(1-1)
Ry(5) = qy() + qy(t-1) an
and the temporal derivative is given by
dRy(1)
—— =1[R() - Rs(0)] . 18

The bilinear transform warps frequency space in a nonlinear man-
ner, so the difference of low—pass filters in (12) will no longer be a
perfect differentiator. It is therefore interesting to examine the accu-
racy of this IIR scheme compared to common forward and central—
difference schemes. One measure of the accuracy of a numerical dif-
ferentiation scheme is the difference between its transfer function
(ie., its Fourier transform) and i®, since differentiation is
equivalent to multiplication with iw in frequency space,
ie., Fldf(t)dt] = i F[f(1)]. Given the Fourier transform of the dif-
ferentiation scheme D®), our measure of error is

Ew=| D) -iol. (19)
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Table I gives the convolution masks for several common FIR fil-
ters for numerical differentiation, and their respective transfer func-
tions (see [16] for more details). It also gives a RMS measure of er-
ror, computed as the integral of E(w)® over radian frequencies
0 < ® < 1.0 (the lowest third of the frequency spectrum). With all
these schemes, accuracy degrades and noise becomes more severe at
higher frequencies, which is why it is common to smooth the signal
before differentiation. For example, Gaussian filters with standard
deviations ¢ = 1.5 and ¢ = 2 have half-height band-limits of ® =
0.78 and ® = 0.58 radians.

The transfer function for the IIR method can also be derived with-
out much trouble: Remember that the relationship between the de-
rivative filter and its corresponding low—pass components (12) is
exact. It is also straightforward to show that this relationship holds in

TABLEI
THREE FIR DIFFERENTIATION SCHEMES ARE SHOWN WITH THEIR
CONVOLUTIONS MASKS AND FOURIER TRANSFORMS: A 2—POINT FORWARD—
DIFFERENCE FORMULA (FD2PT), A 2—POINT CENTRAL~DIFFERENCE (CD2PT),
AND A 4—POINT CENTRAL DIFFERENCE (CD4PT).

Scheme | Convolution Mask Transfer Function | RMS Error (0 <w < 1.0) ‘
fd2pt (1, -1) 1 - cos{w) + isin(w) 0.219

cd2pt 1(1,0. -1) isin(w) 0.061

cddpt | £5(-1,8,0,-8,1) i4[8sin(w) — sin(2w)] 0.0091

the Laplace domain since the Laplace transform is linear; that is,
from (12) and (14),

L[dE, 1)/ dt] T(L[E<n_1)(t)]— L[E, (t)])
L[E,»] LE, )]

=5, (20)

Using the bilinear transformation s = 2(1 — z_l) / _(1 + z']) to
transform this to the Z—domain, and substituting for z = €'“, we obtain
the transfer function

13;;,(w)=2(1 J 2@ gy

.—Z_l
1+ w lt+cos(w) '
=e

Fig. 2 shows the errors (19) for the FIR differentiators compared to
this TIR scheme based on the bilinear transformation. It shows that
the TIR scheme should perform better than 2—point schemes for rea-
sonably low frequencies, but worse than a 4—point central difference.
The RMS error for the IIR scheme, compared to those in Table I, is
0.034.

V1. ESTIMATION OF OPTICAL FLOW

We now consider the weighted least—squares estimation of image
velocity from the normal constraints (3). For convenience, we assume
separability of the window w(x, t) in (3) that determines the support
of the minimization so that its spatial and temporal components can
be examined separately. Ignoring the temporal component of the
window, like the implementations described by others [3] [22], we
first note that the spatial collection of squared constraints (the com-
ponents of (5) at each pixel) can be expressed as convolution. That is,
from the partial derivatives of the low—pass filtered image R(x, t), we
form the five images

RAx0 , RXX.1) , RXDR(X.D ,

R(x,1) R(x,t) , R(x,0) R(x,1) 22)

1, JANUARY 1995

[N}
v

[
w

o
5

Differentiation Error

0 0.5 1 1.5 2 2.5 3
Temporal Frequency (radians)

Fig. 2. The accuracy of differentiation in frequency space is shown for the IIR
method and the three FIR schemes in Table I. Remember the effective band—
limits of the low—pass prefilters are assumed to be below w = 1.0, which de-
termines the critical passband.

The entries in the linear system in (5), at each pixel, are then given by
the convolution of these intermediate images with spatial component
of the window, for which we use a Gaussian G(x).

The use of temporal support is somewhat more problematic be-
cause of the computational expense and storage needed to accumulate
normal constraints and solve the minimization problem at each time.
To alleviate this problem, yet exploit some degree of temporal coher-
ence, it is natural to consider incremental methods. For example,
Singh [23] uses recursive estimation based on the Kalman filter,
while Black and Anandan [5] describe an MRF-based method. Al-
though simplifications are made to the optimization procedures in
each of these cases, they still involve considerable computational ex-
pense and storage.2 There also remain questions about the conver-
gence of such techniques, and the choice of arbitrary parameters such
as process noise in the Kalman framework.

The approach taken here returns to the original minimization but
with an implicit temporal window. As stated above, the accumulation
of constraints through space-time is a form of low—pass filtering of
the intermediate images (22). In space we use an FIR Gaussian filter.
In time we use a causal IIR filter with exponential support (6), the
implementation of which requires only a first-order temporal differ-
ence. More precisely, let A (%, f) and b(x, #) represent the system of
normal equations formed by convolution of the intermediate images
at time t with a Gaussian G(x). Then, the temporal accumulation of
constraints within an exponential window with time constant T, is
given by

Ax, )= A, +-1) + (1-0) A(x, 1) ,
b(x, ) =a b (x, -1) + (1-0o) b(x, 1),

(23)

where o = exp(~T,). The solution to the resultant normal equations is
then given by v = [A(x, AT b(x, ). The recursion involves the nor-
mal equations rather than the final velocity estimates. Although this
is perhaps the simplest form of temporal coherence, it comes at a very
small cost-3

2 They also solve for occlusion boundaries as well as optical flow and
therefore address a somewhat broader problem than that addressed here.

3 For example, compared to a Kalman framework, there is no need for the
explicit propagation of covariance matrices, nor for the introduction of proc-
ess noise, which is often difficult to do effectively without sophisticated
knowledge of the underlying system. Also, the exponentially decaying tempo-
ral window can be regarded as a form of process noise, where the relative
amounts of measurement and process noise remain fixed.
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Fig. 3. (A) shows the texture on the moving surface ata single frame. (B) 2D motion field for the translating tree sequence, where the camera moves along its x-
axis normal to its line of sight with image velocities between (1.73, 0.0) and (2.3, 0.0) pixels per frame. (C) 2D motion field for the diverging tree sequence,
where the camera moves along its line of sight. The focus of expansion is at the image center, and speeds vary from 1.4 pixels per frame on the side to 2.0 pix-

els per frame on the other.

VII. EXPERIMENTAL RESULTS

Our implementation involves two stages, namely, low—pass
smoothing and differentiation of I(x, ¢), followed by the computation
of 2d velocity from the normal constraints. With the computation of
v(x, ) we use a confidence measure based on the smallest eigenvalue
of A(x, £), A, [3], with a simple threshold A, < 1.0 to detect situations
in which the aperture problem prevails or the gradient magnitudes are
too small. We do this for convenience in comparing our results to
those of gthers; we acknowledge that confidence measures should be
maintained with the velocity estimates, using a conservative thresh-
old only to remove outliers.

The entire method can be viewed as a sequence of image opera-
tions, suitable for SIMD or pipeline hardware. It also lends itself to
fast implementation on serial machines. The main parameters include
those of the initial filtering (61, T, and n), and those that determine
the domain of the least—squares minimization (G, and 7). The tempo-
ral delay in velocity estimation is due only to the first stage of filter-
ing, and depends on the order of the IR filter and the time—constant.
Although our implementation uses only one spatial scale, the method
generalizes to multiple spatial scales for which we expect improved
results.

A. Error Measure

Following [3] [9], we view velocity as orientation in space—time
and use an angular measure of error. If velocity
v= (vl,vz)T is represented as a unit direction vector,

1

- T
VE—z—z_(vl’vz’l) ,
v v+l

then the error between the correct velocity ¥, and an estimate v, is

29

Wy =arccos (V. V,) .
This error measure is useful because it handles large and very
small speeds without the amplification inherent in a relative measure

of vector differences. An error of two degrees when the actual speed
is 1 pixel/frame corresponds to a relative error of about 6% [9].

B. Results

Our quantitative results are derived from two synthetic sequences
with known 2d motion fields. Each sequence depicts the 3d transla-
tion of a textured plane (see Fig. 3). Table II shows results reported
by others on the same sequences. The gradient—based method by Bar-
ron et al. [3], described in Section 2, uses spatiotemporal Gaussian
smoothing, and a spatial domain for the minimization (3) with Gaus-
sian weights (a standard deviation of 1.1 pixels). Our implementa-
tions retain these parameters where appropriate. The energy-based
technique of Haglund [2] [11] produced accurate results, but the
measurement density was lower than the other methods. This tech-
nique also had a longer duration of temporal support, and hence a
longer delay. The phase-based technique [8] [9] produced more ac-
curate results, with a higher measurement density. It also has large
temporal support and a long delay.

By comparison, Table III shows results from our implementation
with different IIR prefilters, all with the same spatial prefiltering and
the same domain of minimization. We have used relatively low—
orders of IIR filters, and a small time—constant to keep the storage,

TABLEII
RESULTS OF OTHER IMPLEMENTATIONS ON THE SAME DATA.

Other Temporal | Delay | Trans. Tree Error Stats. | Div. Tree Error Stats.
Implementations Support mean, st. dev. & density | mean, st. dev. & density
Barron et al. (3] 15 7 0.66° 0.67°  39.5% 1.94° 2.06° 48.2%

Haglund [11] 21 10 0.85° 0.42° 21% 1.77° 1.14° 17%
Fleet & Jepson [8] [9] 21 10 0.23° 0.19° 49.7% 0.8° 0.73° 46.5%

computation and the delay small. In practice the delay should be be-
tween the mode (n—l)“l:fl and the mean n‘t:l'l of the impulse response
(9). In fact, errors are often smallest with a delay near the mean, but
there is not much difference between the estimates at the mode and
the mean (see Fig. 4). For Table III the parameters were chosen so
that an integer delay was close to the mode.

Our main experimental concern is the quantitative accuracy of
these methods. Accordingly, it is evident from Table III that our re-
sults are similar to those in Table II, with the greatest differences be-
ing the poorer results obtained for the translating tree sequence. Even



66 IEEE TRANSACTIONS ON PATTERN ANALYSIS AND MACHINE INTELLIGENCE, VOL. 17, NO. 1, JANUARY 1995

TABLE Il
RESULTS OBTAINED WITH DIFFERENT FORMS OF TEMPORAL PREFILTERING;
1E., DIFFERENT ORDERS OF IIR FILTERS N AND DIFFERENT TIME CONSTANTS
T;!. ALSO SHOWN ARE THE DURATION OF SUPPORT Jnti!, THE SPECTRAL

EXTENT AT HALF-HEIGHT 7;y2%/" —1 AND THE TEMPORAL DELAY. OTHER
PARAMETERS WERE FIXED AT £1=1.5, £,=1.2, AND T, = 0.83 (A = 0.3).

Params. Extent, 1/2-height Delay | Trans. Tree Error Stats. | Div. Tree Error Stats.
n, b | VA, nV/2h -1 mean, st. dev. & density | mean, st. dev. & density
3 1.0 1.73 0.76 2 1.19° 0.77°  49.3% 1.99° 1.77°  51.9%

31.25 2.16 0.61 3 0.97° 0.66° 45.6% 1.89° 1.63°  50.9%

4 1.0 2.0 0.64 3 1.03°  0.63° 46.6% 1.93° 1.78° 48.8%

5 1.0 2.2 0.56 4 0.85° 0.57° 44.3% 1.86° 1.61° 50.8%

the third—order filter with a delay of only 2 frames produces good re-
sults which is encouraging. These results also agree with the analysis
in Section 5 that shows the IIR differentiation scheme is less accurate
than 4—point central differences (used in [3]).

[N » [N
> (o)) ©
T T T

1

Mean Angular Error
N
N
T

1.8, i L L i 1 ) 1 1 .

-1 0 1 2 3 4 5 6 7 8
Temporal Delay

Fig. 4. Mean error is shown as a function of delay. Although the minimum er-
ror occurs at a delay close to the mean, errors are generally small everywhere
between the mode and the mean. We use the mode instead of the mean as it
involves a shorter delay.

Interestingly, performance tends to degrade when the time con-
stant gets much smaller than 1.0. In part this may be due to the in-
creased temporal band-limit in these cases, where noise is a greater
problem for differentiation. The effective temporal extent of the fil-
ters and their temporal band-limits (at half amplitude) are given in
Table III. As mentioned in Section 5 they are comparable to those
obtained with Gaussian smoothing with standard deviations between
1.5 and 2.0. However, note that Gaussian spectra fall off more
sharply at half-height compared to cascaded exponential filters.

TABLE IV
THIS SHOWS RESULTS OBTAINED WITH DIFFERENT TIME CONSTANTS FOR
THE EXPONENTIAL WINDOW ON THE DOMAIN OF LEAST-SQUARES MINIMI-
ZATION (WITH £;=1.5, N=3, T,/ = 1.25, AND £,=1.2).

Temporal Extent | Trans. Tree Error Stats. | Div. Tree Error Stats.
!, mean, st. dev. & density | mean, st. dev. & density
0.0 0.0 1.06° 0.8° 38.6% 2.01° 1.7° 49.0%
0.62 0.2 1.0° 0.7° 42.7% 1.92° 1.66° 50.1%
0.83 0.3 0.97° 0.66° 45.6% 1.89° 1.63° 50.9%
1.1 04 0.92° 0.62° 49.0% 1.85° 1.57° 52.5%

Table IV shows results for different temporal extents in the least—
squares minimization (23) with the same prefiltering. It shows im-
provement with increasing temporal support. However, we also find
that with sufficient spatial neighborhoods, the temporal support of
the minimization does not always improve the results significantly;
spatial and temporal coherence complement one another in many

cases, but not always. The temporal coherence does however help fill
in small holes where aperture problem occurs in textured patches.
This may be important for egomotion methods that require dense
flow (e.g., the convolution form of subspace methods [15]). Finally,
Fig. 5 shows the flow fields computed from the synthetic sequences
using a third—order prefilter with 7,7! = 1.25, the quantitative results
for which are given in the second row of Table IIl. We have also run
this method on the real sequences used in the study by Barron et al.
{3] with similarly good results.

VIII. DISCUSSION

This paper reports results that may be useful in developing effi-
cient implementations of gradient and phase-based optical flow
methods. Here we concentrate on a class of low—pass IIR temporal
filters that can be used efficiently to produce both the low—-pass out-
put and the temporal derivative. These filters can be applied with
much shorter delays, and substantially less intermediate storage and
computation compared to existing FIR-based approaches. We also
examine a simple form of recursion in solving for optical flow from
normal velocity constraints. The durations of temporal support at
both stages of computation can be extended with no increase in com-
putation or storage, and only minor increases in delay. Using syn-
thetic sequences it was shown that methods based on these recursive
filters can approach the accuracy of explicit methods.

(A)
Fig. 5. These are estimated flow fields for the translating and diverging tree
sequences using third—order IIR prefilters with a time—constant of T, =
1.25 Other parameters were similar to those used for Table III. The dots indi-
cate pixels where velocity estimates failed the eigenvalue threshold.

(B)
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